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Abstract—In Part 11, new theoretical treatments of the growth of a slowly moving spherical second phase

as governed by simultaneous heat and multi-component mass transfer limitations are demonstrated. the

new method is a direct extension of [1-3]. It demonstrates that the solution to these complex coupled cases

can be related to the available uncoupled cases. Thus, treating the so-called “impurities” as components in

the surrounding first phase, our results should include the growth of a siowly moving spherical second

phase as governed by simultaneous heat and mass transfer limitations in the presence of impurities as
asymptotic cases.

STATEMENT OF THE PROBLEM

THE PrROBLEM under consideration in Part II is
as follows: A spherical second phase of size,
Ry, is produced in a N-component environment,
i.e. the surrounding first phase, at time ¢ = 0. The
second phase can be a bubble (gas). a droplet
(liquid), or a particle (solid). At time t = 0, the
entire second phase is assumed to have attained
a certain proper equilibrium temperature T,
i.e. the wet bulb temperature, and remain at this
temperature throughout the growth process.
That is, one assumes that throughout the entire
transient growth process a constant T, exists,
corresponding to a set of constant surface con-
centrations, C, (T, C .. C_,,...,C,,._,) and
C,(i=23,...,N—1), which must be found
as part of the problem solution (see Discussion).
At times t > 0, the spherical second phase
starts to grow due to both heat and N-com-
ponent mass transfer driving forces and move
slowly in the surrounding first phase. The center
of the second phase sphere is assumed to move
at a velocity U relative to stationary coordin-
ates and the flow field around the second phase
sphere is assumed to be approximated by the
external flow of Hadamard [7] and Rybczyn-

sky [8]. Since only the second phase with uniform
constant temperature and concentrations is
considered, the internal flow within itself is not
considered.

The spherical second phase is characterized
by the following parameters: initial radius,
R, density, p,, viscosity, u,, latent heat of phase
transition, L(T,) (<0 for endothermic; >0
for exothermic), and first component saturation
concentration, C_ (T, C,, C;,...,Cy_,); the
surrounding first phase is characterized by the
following parameters: density, p, viscosity, 4,
specific heat, C,, effective thermoconductivity,
A, and effective Fick’s diffusion coefficients,
D, (i=12,...,N~1). The first phase is
initially at a uniform temperature T_ and solute
concentrations C_; (i = 1,2,...,N — 1), while
the second phase is assumed to have a uniform
temperature 7, and solute concentrations C,,
(i=12...,N—1) throughout the growth
process. Thus, the mass transfer process within
the second phase is not considered here.

During the growth process, ie. t>0, the
system is described by the following equations,
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where i runs from 1 to N — 1, a = 4/(pC)) is
the thermal diffusivity of the surrounding first
phase, x = uy/u the ratio of the viscosities of
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the second and first phases. and the first com-
ponent surface concentration is assumed to
be C, , = sall(T Cozri - Conoy)

The problem is to find the a priori unknown
interface temperature 7, and concentrations
C,li=12...,N~1)and obtain the growth
law of the second phase, R(t).

METHOD OF SOLUTION

The key to this physically important problem
is to recognize that the growth laws obtained
from either heat or N-component mass transfer
viewpoints must be identical. Thus, one obtains
the compatibility conditions from which T,
and C,, (i = 1,2,..., N — 1) are calculated (see
below). The exact solution of this very compli-
cated probiem is still yet to be found. However.
for certain asymptotic extremes, various kinds
of valid approximations are available.

(i) Boundarv laver approximation for the smull
density ratio p,/p case
With the small density ratio
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the governing equations (1)H6) are simplified
into the following form [9],
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From the heat transfer viewpoint, i.e. equations
(9a), (10a), (11a). (12a), (13a) and (14), the tem-
perature variable T(y.0,t) satisfies the same
boundary value problem as in [9]. Thus, one
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From the ith component mass transfer view-
point, i.e. equations (9b). (10b), (11b). (12b),
(13b) and (14), the concentration variable
C/(y,0,1) satisfies the same boundary value
problem as in [9]. Thus, one gets [9]
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The uniqueness of the growth law of the second
phase. ie R()=R_ ()=R ,t)=...=
R, n_,(t) = R(1), gives the following compati-
bility conditions:
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The values of T, and C, (i = 1,2,....N - 1)
must be properly chosen so that the compati-
bility conditions, equation (25), are satisfied.
Then, the required growth law of the second
phase is given by
Nai .
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where G(t) is given by equation (17) with
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It is noteworthy that the parameters charac-
terizing the velocity flow field in the surrounding
first phase do not appear in the compatibility
conditions, equation (25), at all. Equation (25)
can be shown to be identical to equation (16)
of Part 1, if one brings in the same asymptotic
approximation in Part 1 (see [2] for the case
of N = 2). In other words, the fact that the
second phase is moving slowly, does not come
into play at all as far as calculating the a priori
unknown second phase sphere temperature
T, and surface concentrations C , (i = 1.2.....
N — 1) is concerned. Another noteworthy resuit
is that the spherical second phase initial size
R, does not appear in the compatibility condi-
tions, equation (25). To fix the ideas, we will
consider the following physically important
asymptotic cases.

Casel:N =2 (29)
When N = 2, ie. two-component environ-
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ment, the main results obtained in [2] are
recovered, as expected.

Case2: N =3 (30)

When N = 3, ie. three-component environ-
ment, equation (25) degenerates into the follow-
ing form

/ - g !
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Owing to C_ (T C,) relation, equation (31)
determines unique values for 7, C = C_,
(T,, C,,»and C_,. Then. the required growth
law of the second phase is given by either
equation (26a) or (26b). Treating the first com-
ponent as the main solute, the second component
as the impurity, and the third component as the
solvent, this is the case when the growth of the
slowly moving spherical second phase is
governed by simultaneous heat and mass trans-
fer limitations in the presence of an impurity.

(i) Boundary layer approximation for the large
density ratio p,/p case
With the large density ratio
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the governing equations (1)-6) are simplified
into the following form [10, 11]
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From the heat transfer viewpoint, i.e. equations
(34a), (35a), (36a), (37a), (38a) and (39), the tem-
perature variable T(y,6,1) satisfies the same
boundary value problem as in [10] and [11].
Thus, one gets [10, 11]
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From the ith component mass transfer view-
point, i.e. equations (34b), (35b), (366), (37b), (38b)
and (39), the concentration variable C(y,0,1)
satisfies the same boundary value problem as in
[10] and [11]. Thus, one gets [10, 11]

- \/(3-9 Ne&, H (1)  (44)

where H_(t) is given by H(t) (equation {41))
with
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The uniqueness of the growth law of the second
phase, ie. Rft)=R_ () =R, () =R () =
.. = R_y_,(t) = R(t), gives the following com-
patibility conditions
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The values of T, and C; (i=1,2,...,.N = 1)
must be properly chosen so that the compati-
bility conditions, equation (46), are satisfied.
Then, the required growth law of the second
phase is given by
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It is noteworthy that both the parameters
characterizing the velocjty flow field in the
surrounding first phase and the spherical second
phase initial size R, do not appear in the com-
patibility conditions, equation (46). Equation
{46) is identical to equation (25) and can also
be shown identical to equation (16) of Part L,
if one brings in the same asymptotic approxima-
tion, in part L. Thus, within the validity of the
approximation, the fact that the second phase is
moving slowly, does not come into play at all as
far as calculating the a priori unknown second
phase temperature T, and surface concentrations
C.li=1.2,..., N — 1)is concerned. To fix the
ideas, we will consider the foilowing physically
important asymptotic cases.

Casel:N =2 49)
When N = 2, ie. two-component environ-
ment, the main results obtained in [2] are
recovered, as expected.
Case2:N =3 (50)
When' N = 3, ie. three-component environ-
ment, equation (46) degenerates into the follow-
ing form
Bi.. x=B, . .yD

=B,.\/D, (51)

Owing to C_, (T.C,) relation, equation (51)
determines unique values for 7, C_, = C_,
(T, C,,) and C_,. Then, the required growth
law of the second phase is given by either
equation (47a) or (47b). Treating the first com-
ponent as the main solute, the second com-
ponent as the impurity, and the third component
as the solvent, this is the case when the growth
of the slowly moving spherical second phase is
governed by simultaneous heat and mass trans-
fer limitations in the presence of an impurity.

DISCUSSION

First of all, it is assumed that solute and heat
diffusions in the surrounding first phase are
adequately described by unsteady state con-
vective diffusion equations with effectively con-
stant Fick’s diffusion coefficients and an effec-
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tively constant thermoconductivity. It is assumed
that all the parameters characterizing second
and first phases are effectively constant and there
exists a local equilibrium relationship. C_,
(T, C 5 C s .y C,.~_) at r = R(r) through-
out the growth process. The compatibility
conditions, equation {25) (for small density
ratio p,/p) or equation (46) (for large density
ratio p,/p), are the necessary and sufficient
conditions for the existence of the stated con-
stant interface conditions solution, ie. it
guarantees the uniqueness of the growth law
of the second phase, R(r). Thus. the basic
assumption of strictly constant T, and C (i = 1.
2.....,N - 1) is automatically justified «
posteriori for the second phase problems of the
type considered here. Physically, the necessary
and sufficient compatibility conditions mean
that the second phase can grow if one maintains
T(o.t)=T_ and Cfec. ) = C_, (i=12... ..
N — 1) throughout the growth process.

CONCLUSIONS

In Part II, two valid approximate treatments
of the growth of a slowly moving spherical
second phase in the presence of simuitaneous
heat and N-component mass transfer limitations
have been demonstrated. In general, a trial-and-
error method must first be used to solve the
compatibility conditions, equation (25) or (46),
to obtain the a priori unknown second phase
temperature and surface concentrations. Having
thusdetermined T, and C,(i = 1,2..... N -1
the growth law of the second phase is then
readily obtained. Treating the so-called
“impurities” as components in the surrounding
first phase. our results should include the
growth of a slowly moving spherical second
phase as giverned by simultaneous heat and mass
transfer limitations in the presence of the
impurities as asymptotic cases.
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LOI DE CROISSANCE D’UNE SECONDE PHASE SPHERIQUE GOUVERNEE PAR
DES CONDITIONS DE TRANSFERTS SIMULTANES DE CHALEUR ET DE MASSE—II

Résumé—On considére dans cette deuxiéme partie, un nouveau traitement théorique de la croissance
d'une seconde phase sphérique en déplucement lent, loi gouvernée par des limitations de tramsferts
simultanés de chaleur et de masse. La nouvelle methode est une extension directe de celle des références
(1-3). Il est démontré que la solution de ces cas couplés complexes peut étre reliée a des cas non couplés
connus. Ainsi, traitant les “impuretés” comme des composants dans la premiére phase environnante, les
résultats peuvent inclure, comme des cas asymptotiques, la croissance d’une seconde phase sphérique en
mouvement lent gouvernée par des limitations de transferts simultanés de chaleur et de masse en présence
des impuretés.

WACHSTUMSGESETZ EINER KUGELFORMIGEN SEKUNDARPHASE FUR
GLEICHZEITIGEN WARME- UND VIEL-KOMPONENTEN-STOFFUBERGANG—II

Zusammenfassang—Im Teil II werden neue theoretische Betrachtungen iiber das Wachstum einer durch
gleichzeitigen Wiirmeiibergang und Mehrkomponentenstoffiibergang begrenzten langsam bewegten
kugelfdrmigen Sekundérphase angestellt. Die neue Methode ist eine unmittelbare Erweiterung von {1-3].
Sie zeigt, dass die Losung dieser komplex iiberlagerten Fille auf vorhandene ungekoppelte Fille iiber-
tragen werden kann. Indem man diese sogenannten “Unreinheiten™ als Komponenten in der umgebeslen
ersten Phase behandelt, soliten unsere Bezichungen das Wachstum einer durch gleichzeitigen Wirme-
und Stoffiibergang begrenzten langsam bewegte kugelférmigen Sekundirphase in Anwesenheit der
Unreinheiten als asymptotische Fille enthalten.

3AKOH PUCTA COEPHMYECKON BTOPOIl ®A3bl NP ONHOBPEMEHHOM
NEPEHOCE TEILIIA 1 MHOTOKOMINOHEHTOIl MACCBHI—II

Apsoramug—B uwactu Il nokaBaHa HOBAaA TeOpeTHYECKAA TPAKTOBKA PpOCTA MeIJIEHHO
ABiymeiica cdeputeckott BTopo#t ¢iasbl NP COBMECTHOM HepeHOCE Tellia M MHOrOKOMIO-
HeHTHON Maccuio HoBuit MeToa ABJAETCA NPAMHM NPOJOIMKEHHEM METONA, HBJOMEHHOTO B
[1-3]. On nokasuBaeT, 4To ANA PeIUeHHA TAKUX CIOHHX 3a/a¥ B3aHMOCBASAHHOI'C TENJI0-U
MaccooOMeHa MOMKHO NCTIONbL30BATE H3BECTHLIE 1A MPOCTHX 3a1a4 pemenua. Taxuy obpason,
paccMaTpuBan Tak HasHBaeMbie «IIPMMECH» B KaYeCTBe KOMIOHEHT OKpY:Kaloujeil UX nepsoit
¢asnl, HeOOXOAUMO BKIIOUAThH KAK ACHMMOTOTUHECKMH CIy4all pucT MeRJeHBO ABIKYIIeHCH
chepnueckoit BTOpOiIt (assl. ompefensieMblit 3aKOHOMEPHOCTAMHM ONHOBPEMEHHOTO TeIo-H
MaccomepeHoca MpU HANMYUM IpHUMeceft,
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